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Abstract
The vertex stars of shellable polytopal complexes are shown to be shellable. The link of a vertex v
of a shellable polytopal complex is also shown to be shellable, provided that all facets of the star of
v are simple polytopes, or (more generally) if there exists a shelling F1, . . . , Fn of the star of v such
that, for every 1<jn, the intersection of Fj with the previous facets is an initial segment of a line
shelling of the boundary complex of Fj .
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
Thegoal of this note is to give a partial answer to a problemposedbyZiegler in [2, Exercise
8.4] asking whether the stars and links of a shellable polytopal complex are shellable.While
in the case of a simplicial complex the answer is well-known to be yes [2, Lemma 8.7], for
general polytopal complexes this problemappears to be open.Our results can be summarized
as follows: if C is a shellable polytopal complex and v is a vertex of it, then the star of v is
shellable. Moreover, if all facets of the star of v are simple polytopes or (more generally) if
there exists a shelling F1, . . . , Fn of the star of v such that for every 1<jn the intersection
ofFj with the previous facets is an initial segment of a line shelling of the boundary complex
of Fj , then the link of v is shellable.
Ziegler in [2, Chapter 8] deﬁnes a polytopal complex C as a ﬁnite nonempty collection of
polytopes in Rd such that (i) for every P ∈ C, C also contains all the faces of P, and (ii) the
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Fig. 1. Example of a line shelling for the boundary complex P of polygon P.
intersection of any two polytopes P,Q ∈ C is a face of each of them. Here we follow this
deﬁnition, although all our results carry over to a somewhat weaker notion of a polytopal
complex where all elements of C are combinatorial polytopes that need not to be present
in the same Rd . The elements of C are called faces and the maximal faces (with respect to
inclusion) are called facets. Thus, the collection of all the faces of a polytope P (including
the polytope itself) is a polytopal complex, which for simplicity of notation we also denote
by P. Another example of a polytopal complex is the collection of all proper faces of a
polytope P (that is, all faces of P excluding P itself). This complex is called the boundary
complex of the polytope P and is denoted by P .
If v is a vertex of C (that is, a 0-dimensional face), then the star of v in C, Star (v, C),
is the polytopal subcomplex of C consisting of all faces that contain v together with all
their faces. The link of v in C, Link (v, C), is the set of all faces of Star (v, C) that do not
contain v. The dimension of C, dim C, is deﬁned as the maximal dimension of its faces.
We say that C is pure if all its facets have the same dimension. Thus, if C is a pure
(d − 1)-dimensional complex and v is a vertex in C, then Star (v, C) and Link (v, C) are
pure complexes of dimension d − 1 and d − 2, respectively.
Recall also that a shelling order of a pure k-dimensional polytopal complex C is a total
order on its facets F1, . . . , Fs such that either dim C = 0, or the following (recursive)
condition holds:
() for every 1<js, Fj ∩ (F1 ∪ · · · ∪Fj−1) is a nonempty (k − 1)-dimensional complex
whose facets G1, . . . ,Gr can be arranged to form an initial segment of some shelling
of Fj .
If a pure complex has a shelling then it is said to be shellable. A celebrated theorem of
Bruggesser and Mani [1] asserts that the boundary complex of any polytope is shellable.
Their argument (see [1], [2, Theorem 8.11]) is based on the following idea. Given a polytope
P, consider an oriented line L in a sufﬁciently general position with respect to P that passes
though the interior of P. When traveling along L in the positive direction from the boundary
of P to “inﬁnity and beyond” (and then returning back along L from the opposite direction)
the facets of P become visible (respectively invisible) in a certain order (see Fig. 1). This
order happens to be a shelling order of P. Shellings of such type are called line shellings.
Our results can be stated as follows.
Theorem 1. Let C be a shellable polytopal complex and let v be a vertex of C. Then
Star (v, C) is shellable. In fact, the restriction of any shelling order of C to the facets of
Star (v, C) is a shelling order for Star (v, C).
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Theorem 2. Let C be a shellable polytopal complex and let v be a vertex of C. Assume
further that Star (v, C) has a shelling F1, . . . , Fn such that for every 1 < jn the facets
of Fj ∩ (F1 ∪ · · · ∪ Fj−1) can be arranged to form an initial segment of some line shelling
of Fj . Then Link (v, C) is shellable.
The following two sections contain the proofs of these results. The main idea is that
certain rearrangements of a shelling order are shelling orders as well.
2. Stars
In this section we verify Theorem 1. The proof is based on the following simple obser-
vation that follows immediately from property ().
Lemma 1. Let C be a shellable polytopal complex and let F1, . . . , Fq,Hq+1, . . . , Hs be
a shelling of C. If F ′1, . . . , F ′q is a shelling order for the complex F1 ∪ · · · ∪ Fq then the
ordering
O : F ′1, . . . , F ′q,Hq+1, . . . , Hs
is also a shelling of C.
Now we are ready to verify Theorem 1. We prove, by induction on d, that for every
(d − 1)-dimensional complex C and any vertex v of C, if the ordering F1, . . . , Fn is a
shelling of C, then its restriction Fi1 , . . . , Fim to the facets of Star (v, C) is a shelling of
Star (v, C).
The case d = 1 is clear, since the complex is 0-dimensional, so assume d > 1. We
have to show that for every 1< km the facets of Fik ∩ (Fi1 ∪ · · · ∪ Fik−1) form an
initial segment of some shelling of Fik . Now we ﬁx k and construct such a shelling
for Fik .
First, there exists a line shelling of Fik that begins with the facets of Star (v, Fik ).
(Indeed, consider a generic line through a point beyond v that passes through the interior
of Fik . Such a line induces a line shelling that begins with the facets of Star (v, Fik ). This
observation is originally due to McMullen, see [2, Corollary 8.13].) Therefore, by virtue of
Lemma 1, we only need to ﬁnd a shelling order for Star (v, Fik ) that begins with the facets
of Fik ∩ (Fi1 ∪ · · · ∪ Fik−1).
Recall that F1, . . . , Fn is a shelling of C and therefore there exists an arrangement
G1, . . . ,Gr of the facets of Fik ∩ (F1 ∪ F2 ∪ · · · ∪ Fik−1) that can be extended to a
shelling order G1, . . . ,Gr,Gr+1, . . . ,Gs of the complex Fik . This is a shelling order of
a (d − 2)-dimensional complex, so by our induction hypothesis applied to Fik , the re-
striction Gj1 ,Gj2 , . . . ,Gjq of this shelling order of Fik to the facets of Star (v, Fik ) is
a shelling of Star (v, Fik ). Finally, if p is the largest integer satisfying jpr , then the
polytopes Gj1 ,Gj2 , . . . ,Gjp are exactly the facets of Fik ∩ (Fi1 ∪ · · · ∪ Fik−1). Thus, the
ordering Gj1 ,Gj2 , . . . ,Gjq is a shelling of Star (v, Fik ) that begins with the facets of
Fik ∩ (Fi1 ∪ · · · ∪ Fik−1). This completes the proof.
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Remark 1. In the proof of Theorem 1 we veriﬁed that, if F1, . . . , Fn is a shelling of
Star (v, C), then the facets G1, . . . ,Gs of Fi ∩ (F1∪, . . . ,∪Fi−1) can be arranged to form
an initial segment of a shelling for Star (v, Fi) (for any 1 in). We use this fact to
establish Corollary 1 below.
For a polytopal complex C, its face poset L(C) is deﬁned as the set of all faces of C ordered
by inclusion, i.e. L(C) = (C,⊆). Let H and F be two faces of C. Then the interval [H,F ]
is the subposet of L(C) consisting of all the faces G of C such that H ⊆ G ⊆ F . If [H,F ]
is an interval of L(C) then (see [2, Theorem 2.7]) there exists a polytope whose face poset
is isomorphic to [H,F ].
For a polytopal complex C and a vertex v of C, the spherical link D = D(v) of v in C
is intuitively the polytopal complex, in the weaker sense as mentioned in the introduction,
obtained by intersecting C with a small sphere centered at v. More formally, for a vertex
v of C, we denote by D = D(v) the polytopal complex whose face poset is isomorphic to
∪[v,H ] ⊂ L(C), where the union is over all faces H of C containing v. For each such face
H of C, let H˜ be the face of D whose face poset is [v,H ]. Then dim(H˜ )=dim(H)-1 and
therefore dim(D)=dim(C)-1 if C is pure. Moreover, it follows from the deﬁnition of D that
if v ∈ H ∈ C, and E1, . . . , Em are the facets of Star (v,H), then E˜1, . . . , E˜m are the facets
of H˜ ∈ D. This observation together with Remark 1 implies that if F1, . . . , Fn is a shelling
of Star (v, C) then F˜1, . . . , F˜n is a shelling of D.
Thus we have the following result.
Corollary 1. The spherical links of shellable complexes are shellable.
3. Links
This section is devoted to the proof of Theorem 2, concerning the shellability of non-
spherical links. We start with some remarks and notation.
Let C be a shellable (d − 1)-dimensional polytopal complex, let v be a vertex in it, and
let F1, . . . , Fn be a shelling of Star (v, C) (whose existence follows from Theorem 1). Then
for every 1kn, the facets of Fk can be partitioned into three classes:
(i) The set Hk = {Hk1 , Hk2 , . . . , Hktk } consisting of the facets of Fk that do not contain v.
(ii) The set Gk = {Gk1,Gk2, . . . ,Gkrk } consisting of those facets of Fk that belong to
Fk ∩ (F1 ∪ · · · ∪ Fk−1). (Each Gkj contains v since all Fi do.)
(iii) The set Ek = {Ek1 , Ek2 , . . . , Eksk } of all other facets of Fk that contain v.
Thus ∪nk=1Hk is the set of the facets of Link (v, C), G1 is the empty set, and E1 is the set of
all facets of F1 that contain v.
The following lemma is the ﬁrst step toward the proof of Theorem 2.
Lemma 2. If for every 1kn there exists a shelling of Fk whose initial segment is Gk
and whose tail segment is Ek , then Link (v, C) is shellable. In fact, if
Ok : Gk1,Gk2, . . . ,Gkrk , Hk1 , Hk2 , . . . , Hktk , Ek1 , Ek2 , . . . , Eksk
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is a shelling of Fk (for every 1kn), then
O : H 11 , H 12 , . . . , H 1t1 , H 21 , H 22 , . . . , H 2t2 , . . . , Hn1 , Hn2 , . . . , Hntn
is a shelling of Link (v, C).
Proof. We have to verify that O satisﬁes condition (). Since Ok is a shelling, and hence
satisﬁes (), the proof will follow if we can show that for every 1kn and 1 l tk ,
Hkl ∩
(
∪k−1i=1
(
Hi1 ∪ Hi2 ∪ · · · ∪ Hiti
)
∪ Hk1 ∪ · · · ∪ Hkl−1
)
= Hkl ∩
(
Gk1 ∪ Gk2 ∪ · · · ∪ Gkrk ∪ Hk1 ∪ · · · ∪ Hkl−1
)
.
The ⊆ direction follows from the fact that for every 1 i < k and 1b ti ,
Hkl ∩ Hib ⊆ Fk ∩ Fi ⊆ Gk1 ∪ Gk2 ∪ · · · ∪ Gkrk ,
and so Hkl ∩ Hib ⊆ Hkl ∩
(
Gk1 ∪ Gk2 ∪ · · · ∪ Gkrk
)
.
To verify the ⊇ direction, note that for every face Gkj there exists 1 i < k such that
Gkj = Fk ∩ Fi . Equivalently, Gkj is a (d − 2)-dimensional facet of Fi . Let A := Hkl ∩ Gkj .
Then A is a face of Fi (since Gkj ⊂ Fi) and v /∈ A (since A ⊂ Hkl ). Therefore there must
exist a facet Hib of Fi that contains A but does not contain v. Thus H
k
l ∩ Gkj ⊆ Hkl ∩ Hib
for some i = i(j) < k, yielding the result. 
By virtue of Lemma 2, to complete the proof of Theorem 2 it sufﬁces to verify the
following result.
Lemma 3. Let F1, . . . , Fn be the facets of Star (v, C). If for every 1 < kn the set Gk can
be arranged to form an initial segment of some line shelling of Fk , then for every 1kn
there exists a shelling of Fk whose initial segment is Gk and whose tail segment is Ek .
Proof. For k = 1, there exists a shelling of F1 that begins with the facets of Star (v, F1)
(see proof of Theorem 1). By reversing this order we get a shelling of F1 (see [2, Lemma
8.10]) that ends with the facets of Star (v, F1) = E1 and has G1 = ∅ as its initial segment.
For 1 < kn we let lk be a line such that the shelling of Fk with respect to lk has Gk as
its initial segment. We assume without loss of generality that all elements of Gk are listed in
this shelling order “before passing through inﬁnity”, and therefore that there exists a point
xk ∈ lk such that the set of facets of Fk that are visible from xk is Gk . (The treatment of
the opposite case, that is, when all elements of Hk ∪ Ek are listed “after passing through
inﬁnity”, is completely analogous.) Consider the line yk() = xk + (1 − )v through v
and two points y+k := yk(0) and y−k := yk(−0) on it, where 0 is a positive number.
Analyzing the equations for the hyperplanes supporting the facets of Fk , one can easily
show that if 0 is sufﬁciently small then the set of facets of Fk that are visible from y−k (and
hence also from any point z−k in a sufﬁciently small neighborhood of y
−
k ) is Ek , and the set
of facets of Fk that are visible from y+k (and hence also from any point z+k in a sufﬁciently
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small neighborhood of y+k ) is Gk . Therefore the line through points z−k ∈ y−k + ε(
◦
Fk −v)
and z+k ∈ y+k + ε(
◦
Fk −v) (for z−k and z+k “generic enough” and ε sufﬁciently small) goes
through the interior of Fk and induces a line shelling of Fk that starts with Gk and ends
with Ek . 
Corollary 2. Let C be a shellable complex and let v be a vertex of C. If all the facets of
Star (v, C) are simple polytopes, then Link (v, C) is shellable.
Proof. It sufﬁces to show that the facets F2, . . . , Fn of Star (v, C) satisfy the condition of
Lemma 3. Indeed, since Fk is a simple polytope and since all elements of the set Gk contain
vertex v, it follows that Gk1 ∩ · · · ∩ Gkrk is a nonempty face of Fk (see [2, Section 2.5]).
Let xk be a point beyond this face. Then any line (in a sufﬁciently general position with
respect to P) that passes through xk and the interior of Fk induces the required line shelling
of Fk . 
Remark 2. It is not hard to check that the conditions of Theorem 2 are always satisﬁed if
dim C = d −13. Thus, the links of vertices of such low-dimensional shellable complexes
are always shellable. However we suspect that there exist shellable polytopal complexes of
dimension 4 or higher that possess nonshellable links. Our intuition is partially based on
the result due to Ziegler [2, Theorem 8.15] asserting that not every 4-dimensional polytope
is extendably shellable.
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